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Abstract. Semi-empirical atom-atom potential energy calculations based on pairwise additive interactions
are performed and, after applying the Born-Oppenheimer approximation to separate high frequency vibra-
tional modes from low frequency orientational and translational modes, the infrared vibrational spectra of
CO2 and N2O monomers trapped in an argon matrix at a temperature of 5 K are determined. It is shown
that only a double substitutional site in argon can accommodate N2O, whereas CO2 is trapped in two
distinct sites, of single and double substitutional types. The model shows that splitting of the degenerate ν2

mode occurs for both molecules in the double site. In the ground electronic state, the vibrational frequency
shifts due to the matrix and the vibrational transition moments for low-lying levels are determined using
the contact transformation method, as used for gas phase calculations. Calculated energy levels compare
well with observed ones and the theory also predicts some unobserved levels. Moreover, calculations show
no significant changes in the dipole moments of both CO2 and N2O trapped molecules.

PACS. 33.20.-t Molecular spectra – 33.20.Ea Infrared spectra

1 Introduction

In an argon matrix, carbon dioxide is known to be trapped
in two different trapping sites, one termed stable and the
other unstable, because it disappears after strong anneal-
ing. By taking into account the facts that both sites are
stable if annealing of the argon matrix is mild and that be-
low 25 K the temperature effect on line widths and shifts
is negligible, the nature of the two trapping sites was de-
termined in reference [1]. At the harmonic level of approx-
imation, a splitting of the doubly degenerate ν2 bending
mode was shown to occur in the double distorted substi-
tutional site (assigned to be the unstable site because of
its asymmetry).
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In the theoretical model described in reference [1], the
fundamental frequencies (ω2 and ω3) calculated at the har-
monic level are adjusted to match the observed ones by
distorting the matrix atoms around the trapped molecule.
The model has been improved and applied to the non-
linear triatomic molecule O3 trapped in rare gas matri-
ces [2,3]. Vibrational frequencies are calculated by con-
tact transformation perturbation methods and adjusted
to those observed in the spectral region below 4 000 cm−1.
The formulae given by Nielsen [4] and Flaud et al. [5]
for the calculation of the vibrational energies, can be ap-
plied straightforwardly to take into account the effects of
Coriolis and Darling-Dennison resonances.

In this work, the improved model is applied to two
linear triatomic molecules CO2 and N2O. In the latter
case, it has been observed that the molecule is trapped
in only one site in argon [6,7], with a splitting of the ν2

degenerate mode, as for CO2 in its unstable site. Sodeau
et al. [6] suggest a double substitutional trapping site to
explain this splitting for N2O. In free standing crystals
of argon, Apkarian et al. [8] show that, contrary to its
behaviour under matrix isolation techniques, N2O tends
to form dimers. The vibrational energies of the monomers
are then shifted by a different amount.
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The aim of the present work is to determine the na-
ture of the trapping site for N2O in argon, as was done for
CO2 in reference [1], and to calculate the vibrational en-
ergies and transition moments of low-lying levels for both
molecules. The results are then compared with recent ex-
perimental spectra obtained by using the laser induced
fluorescence technique on these systems [9,10]. The free
standing crystal case has not been considered. Contrary
to the case of O3, the formulae given by Nielsen and Amat
et al. [11,12] for linear triatomic molecules cannot be di-
rectly used to calculate vibrational energies when a split-
ting of the ν2 degenerate mode occurs. A new method
treating these two frequencies as quasi-degenerate modes
has to be applied, as described in reference [1].

In Section 2, the main steps involved in the determi-
nation of the trapping sites are briefly recalled and the
separation of the molecular Hamiltonian in the matrix
is described. The models applied to solve the vibrational
and orientational motions are given in detail and the in-
tegrated absorption coefficients are presented. Results are
given in Section 3 and a comparison with experiment and
discussion are carried out in Section 4.

2 Theory

2.1 The molecular Hamiltonian in the matrix

Rovibrational energy levels of a molecule like CO2 or
N2O in the gas phase are calculated within the Born-
Oppenheimer (BO) approximation in a reference frame
satisfying the Eckart-Sayvetz conditions. One then con-
siders the nuclei to be moving in a mean force field which
is the gradient of a potential whose minimum corresponds
to the stable equilibrium configuration of the nuclei. The
Eckart-Sayvetz conditions, which are related to the choice
of the reference frame in which the rovibrational degrees
of freedom are studied, make it possible to study the lat-
ter without considering the translational motion of the
molecule.

When the molecule is trapped in a rare gas matrix, it
generally replaces one or two atoms in a single or dou-
ble substitutional site, as shown in Figure 1. Inside such
a trapping site, the molecule is no longer free to move
as in the gas phase. For small molecules, the frequen-
cies (ωQ) related to the external degrees of freedom, that
is translational and orientational (rotational in the gas
phase) motions of the molecule and lattice vibrations of
the solid matrix, are smaller than those (ωq) correspond-
ing to the internal vibrational degrees of freedom. Fol-
lowing the method proposed by Lin [13], a second Born-
Oppenheimer (BO) approximation (when ωQ/ωq < 0.1)
can thus be applied to study separately the high and
low frequency modes. Considering the size of the trapped
molecule, compared to that of a substitutional site (single
or double in a face-centered-cubic (fcc) or hexagonal-close-
packed (hcp) lattice), it is necessary to take into account
the distortion of the matrix around the trapped molecule.
This distortion, if reasonably small, can be determined by

Fig. 1. Definition of the S1 and S2 trapping sites in the face-
centered-cubic crystal of an argon matrix. (X, Y, Z) defines
the absolute frame and arrows characterize the static displace-
ments of the centre of mass of the trapped molecule and the
matrix atoms.

the use of the Green tensor of the perfect crystal as ap-
plied in the theory elaborated by Flinn and Maradudin
[14] to study impurities in perfect crystals. The method
“freezes” the external degrees of freedom in a configura-
tion calculated by minimizing the internal energy of the
trapped molecule-matrix system at 0 K. One can then de-
termine the configuration for which the free energy of the
system is close to its minimum value by adjusting the dis-
tortion of the matrix atoms around the trapped molecule
(see Fig. 1), as described below in the subsection on the
vibrational motion.

In the approximation of a rigid distorted crystal, as de-
termined by the method of Flinn and Maradudin [14], the
HamiltonianHM of a trapped linear molecule in its ground
electronic state and its equilibrium position is written as

HM =
∑
i

P 2
i

2µi
+ Vvib({q}) + TR + V

(n)
M (Ω, {q}). (1)

In this equation the first two terms represent the vibra-
tional Hamiltonian of the molecule in the gas phase. In
the first term µi and Pi are the reduced mass and the
conjugated momentum operator connected to the ith vi-
brational mode with normal coordinate qi and frequency
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Table 1. Data used in our calculations. Pure Lennard-Jones 12-6 potential parameters (see Eqs. (2, 3) of Ref. [1]), isotropic
polarisability of argon atoms and their interdistance in the matrix, and also internal distances, dipole and quadrupole moments
and rotational constants of the rigid linear CO2 and N2O molecules.

atoms Ar C O N internal CO2 N2O

characteristics C–O N–N N–O

εa (cm−1) 84.0 29.8 39.9 26.5 qe
M (Å) 1.162 1.128 1.184

σa (Å) 3.448 3.210 2.882 3.385 µe
M

c (D) 0 0.166

ab (Å) 3.755 - - - Θe
M

c (DÅ) –4.3 –3.0

αb (Å3) 1.639 - - - Be (cm−1) 0.39 0.42

a From reference [28] and references therein. b From reference [29]. c From reference [30].

ωi. The second term Vvib({q}) is the intramolecular po-
tential function, which is generally given as a Taylor se-
ries expansion with respect to the dimensionless normal
coordinates q. It can be separated into a harmonic part
(second order) and an anharmonic one (higher orders),
which is considered as a perturbation

Vvib({q}) = V har
vib ({q}) +∆V anh

vib ({q}). (2)

The vibrational energies of the molecule in the gas phase
are calculated by applying the contact transformation
to the anharmonic part of Vvib({q}) in a perturbation
method, as set out in reference [1].

In equation (1), TR is the rotational kinetic Hamil-
tonian for a rigid linear molecule in the gas phase with
rotational constant Be. It can be written as

TR = −Be

{
∂2

∂θ2
+ cotan θ

∂

∂θ
+

1
sin2 θ

∂2

∂ϕ2

}
, (3)

to describe the rotational motion of the molecule in terms
of Euler angles Ω = (ϕ, θ) which define the molecular
frame (x, y, z) (z-axis being the inter-nuclear axis of the
molecule) with respect to a crystal absolute frame (X, Y,
Z) [1].

The last term V
(n)

M (Ω, {q}) corresponds to the interac-
tion potential energy experienced by the molecule in the
trapping site n with the matrix atoms and the centre of
mass of the molecule fixed at the configuration that min-
imizes the free energy of the molecule-matrix system, as
described in reference [1]. In Table 1 we give the potential
parameters and characteristics associated with the studied
molecule-matrix systems and used in these calculations.

The analysis of the potential energy surfaces shows
that V (n)

M (Ω, {q}) can be written as the sum of four parts

V
(n)

M (Ω, {q}) = V
(n)e

M + V
(n)

M (Ω) + V
(n)

M ({q})
+∆V

(n)
M (Ω, {q}), (4)

where V (n)e
M is the minimum energy value, calculated for

the rigid molecule at its equilibrium orientation. The sec-
ond and third parts respectively describe the angular de-
pendence for the rigid molecule and the vibrational coor-
dinate dependence at the equilibrium orientation. These
two terms will be introduced below to renormalise the vi-
brational and rotational Hamiltonians of the molecule in

the gas phase. The last term defines the small dynamical
vibration-orientation coupling, which would give rise to
a slow population relaxation from the vibrational modes
of the molecule into the orientational modes. This term
will not be developed in the following sections, since we
concentrate on calculating the vibrational frequency shifts
and the bar spectrum of the trapped molecule.

2.2 Vibrational motions

In the second BO approximation, one can focus on the
vibrational degrees of freedom of the trapped molecule
only. The vibrational part of the molecular Hamiltonian
is then given by

Hvib
M =

1
2

∑
i

ωip
2
i + Vvib({q}) + V

(n)
M ({q}), (5)

in which q are now dimensionless normal coordinates (de-
fined in Eq. (10) of Ref. [1]) and p their conjugate mo-
menta.

Since experiments show the vibrational shifts to be
small, V (n)

M ({q}) is expanded up to the second order only,
in the form

V
(n)

M ({q}) =
∑
i

βiqi +
∑
i

∑
j≥i

βijqiqj , (6)

where βi and βij are the first and second derivatives of
V

(n)
M ({q}) with respect to the dimensionless normal coor-

dinates; their values depend on the trapping site n. Two
different electric fields, a static one and a dynamic one,
contribute to the latter parameters. The static field is
well-known and results from the distortion of the ideal
lattice and from the polarization of the matrix atoms by
the permanent electric multipoles (dipole and quadrupole
moments in the case of N2O and quadrupole moment in
the case of CO2) of the trapped molecule. Application of
the second BO approximation makes it possible to take
into account the polarization of the matrix atoms by the
dynamical electric field due to the vibrating molecule. In
the case of CO2 and N2O, this field depends on the deriva-
tives of the dipole moment of the molecule with respect
to the dimensionless normal coordinates. Thus the nuclei,
because of the effect of the matrix, are moving in a mean
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force field (the gradient of a perturbed potential) which is
given by

U({q}) =
1
2

∑
i

ωiq
2
i +∆V anh

vib ({q})

+
∑
i

βiqi +
∑
i

∑
j≥i

βijqiqj , (7)

and has a minimum corresponding to a new stable equi-
librium configuration of the nuclei. Defining the origin
of U({q}) at this minimum, and applying an orthogonal
transformation to the transformed Hamiltonian in order
to eliminate cross terms βij (i 6= j), the Hamiltonian of
the trapped molecule in its ground electronic state and
the new equilibrium position of the vibrating nuclei are
written as

Hvib
M = H ′0 +H ′a,

H ′0 =
1
2

∑
i

ω′i(p
′2
i + q′2i ),

H ′a =
∑
ijk

k′ijkq
′
iq
′
jq
′
k +

∑
ijkl

k′ijklq
′
iq
′
jq
′
kq
′
l + ... (8)

We have to determine the Hamiltonian which corresponds
to a configuration of minimum internal energy of the
doped matrix. This can be done by numerical simulation
using, for example, a Monte Carlo algorithm. This method
has not been implemented in the model. Instead, we adjust
the static external degrees of freedom (Ω and {Q}) to tend
to the minimum of the full free energy of the molecule-
matrix system. The process is iterative and is halted when
the calculated shift of the harmonic frequencies (∆ωcal

i =
ωcal
i (matrix)− ωcal

i (gas)) fits the experimentally observed
fundamental shift (∆ωobs

i = ωobs
i (matrix)− ωobs

i (gas)).
The distortion is thus determined by taking advan-

tage of the fact that the shifts of the vibrational levels of
the embedded molecule in its ground electronic state de-
pend on the electric field at the trapping site. Moreover, as
this field is due to the surrounding matrix atoms modified
by their distortion and their polarization by the non-zero
electric multipolar moments of the embedded molecule,
the method is partly self-consistent. This is due to the
fact that the polarization of the matrix atoms is a func-
tion of two parameters, the molecular dynamical electric
moment and the distortion of the trapping site, while the
former parameter is also a function of the latter one. The
calculated shift is achieved by an iterative procedure pre-
viously described in Section 2 of reference [1].

Perturbation theory can then be applied to H ′a, using
the wave functions of H ′0 as a zeroth order basis, follow-
ing the method described in reference [1]. For molecules
trapped in a double substitutional site, the splitting of
the ν2 mode means that a degenerate perturbation the-
ory using the three dimensional Wang basis [15] has to be
applied [1].

One may note that these levels can be determined from
observed values, as was done in references [16–18] for O3,
from a calculation of force constants on the basis of a

general harmonic force field. This implies, of course, that
a sufficient number of observed values are available for
all the isotopic species to give a reliable fit. The method
which we are adopting instead relies on good ab initio pa-
rameters. It is clear that since atom-atom potentials are
effective pair potentials, their parameters contain contri-
butions from many-body interactions [19]. By the use of
such parameters we assume implicitly that the trapped
molecule preserves its individual properties and that no
complexes of any kind, such as a charge transfer complex
for instance, are being formed.

2.3 Angular motions

The orientational Hamiltonian of the rigid molecule
trapped in the matrix is the sum of the rotational kinetic
operator TR defined in equation (3) and the orientational
potential part V (n)

M (Ω) of equation (4) which strongly de-
pends on the trapping site.

Analysis of the angular potential surfaces V
(n)

M (Ω)
shows that the z molecular axis can exhibit either a one-
dimensional librational motion around the orientational
equilibrium position θe = 0, with ϕ corresponding to
free motion, or two-dimensional librational motion around
θe = π/2 and ϕe (ϕe = 0 or ϕe = π/2). The angu-
lar variables θ in the first case and θ and ϕ in the sec-
ond one are not appropriate for defining good librational
quantum numbers. They can be replaced by the new vari-
ables uθ = tan(θ/2) and uθ = cos θ and uϕ = ϕ − ϕe,
respectively, which characterize small angular oscillations
of the z molecular axis. V (n)

M (Ω) can then be expanded as
a power series in the new variables, in which the harmonic
terms are much greater than the anharmonic ones.

Thus, using the harmonic oscillator bases, the eigen-
solutions of the orientational Hamiltonian are given by

E
(n)
jM = ~ωθ (2j − |M |+ 1) in which ~ωθ = 2αθBe,

|jM〉(n) = N
|M|
j exp(−u2

θ/2)u|M|θ L
|M|
j (u2

θ) exp[i(Mϕ)],
(9)

for the first case, and

E
(n)
jm = ~ωθ(j + 1/2) + ~ωϕ (m+ 1/2) ,

|jm〉(n) = NjNm exp[−(u2
θ + u2

ϕ)/2]Hj(uθ)Hm(uϕ),
(10)

for the second one.
In equations (9) the parameter αθ is proportional to

the square root of the harmonic coefficient of the V (n)
M (Ω)

expansion,N is a normalization factor, and L are the asso-
ciated Laguerre functions. The librational quantum num-
ber j is an integer number and the free rotational quantum
number M obeys the condition |M | ≤ j. In equations (10)
ω, N and H are the librational harmonic frequencies, the
normalization factors and the Hermite polynomials, con-
nected to the two librational motions, respectively. Note
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that the quantum numbers j and m are independent in-
teger numbers.

Finally when the remaining terms of the orienta-
tional Hamiltonians are introduced as perturbations, the
eigenenergies become E(n)

jM and E(n)
jm , respectively. Note

however that the ratios |E−E| /E do not exceed ∼ 0.1
for the lowest energy levels.

2.4 Absorption coefficient

The absorption coefficient for N trapped molecules
(monomers) per volume unit is defined as a function of
the frequency position ω by

I(ω) =
4πωN

3hc
Re

∞∫
0

dt e−iωtTr [µA(0)µA(t)ρ(0)] , (11)

where c is the vacuum light velocity, ρ(0) characterizes the
initial canonical density matrix associated with the total
system, and µA is the molecular dipole moment expressed
in the crystal absolute frame (see Appendix A). The Re
symbol defines the real part of the Fourier transform of
the trace (Tr) operation over the time evolution of this
system.

As has been mentioned above, in this work we are in-
terested in calculating the infrared bar spectra of the CO2

and N2O linear molecules trapped in argon matrices. How-
ever, some assumptions and conditions have been neces-
sary in order to perform the calculations.

(i) Since experiments are performed with highly diluted
samples, our calculations used 1060 atoms to simulate
the argon matrix. The mutual interactions between
trapped molecules are then negligible.

(ii) The radiation processes for each molecule occur in a
distorted and static cage i.e. the matrix atoms are
fixed at their equilibrium positions which minimize
the internal energy of the doped matrix. The dynam-
ical coupling between the optical (vibration and ori-
entation) modes and the bath (lattice and molecular
c.m. translations) modes is then ignored.

(iii) The initial chaos hypothesis is assumed to be
valid and this allows us to write the optical state
|...v...jm〉(n) as the product of the renormalized vi-
brational and orientational states |...v...〉×|jm〉(n) in
which m designates M of equations (9) or m of equa-
tions (10) according to whether the molecule moves
orientationally around θe = 0 or θe = π/2 positions,
respectively.

(iv) As we will see in the following section, when two
trapping sites are possible, the number N defined in
equation (11) is the sum N (1) +N (2) of the numbers
of trapped monomers per volume unit in the single
(n = 1) and double (n = 2) substitutional sites, re-
spectively.

(v) Finally, when the molecules are trapped in the sin-
gle site, there are three possible orientational equilib-
rium positions (along X, Y or Z-axes). Then, one can

suppose that these three orientations are statistically
equiprobable.

Within these approximations, the absorption coef-
ficient of the trapped molecules in the site n and
connected to the kth vibrational fundamental transi-
tions |...0k...〉|jimi〉(n) → |...1k...〉|jfmf 〉(n) with energies
E(n)

0kjimi
and E(n)

1kjfmf
and frequency shift ∆ω(n)

k is writ-
ten as

I
(n)
k (ω) =

8π2

3hc
ωN (n) |〈...0k... |qk| ...1k...〉|2

×
∑

jimijfmf

e−βE
(n)
0kjimi − e

−βE(n)
1kjfmf

Z(n)

×
∣∣∣∣∣
〈
jimi

∣∣∣∣∂µA∂qk

∣∣∣∣ jfmf

〉(n)
∣∣∣∣∣
2

× δ
(
ω −∆ω(n)

k − ~−1
(
E(n)

1kjfmf
− E(n)

0kjimi

))
.

(12)

In this equation the 〈...〉 brackets represent the transition
elements of the dimensionless normal coordinate qk con-
nected to the kth vibrational mode on one hand, and of
the first derivative of the molecular dipole moment with
respect to this coordinate (see Appendix A) on the other
hand. The indices i and f characterize the initial and fi-
nal orientational states in the transition, Z defines the
vibration-orientation canonical partition function at tem-
perature T , β = (kBT )−1, and δ is the Dirac function.

3 Results

3.1 Equilibrium configurations

The application of the theoretical model described in ref-
erence [1] led to the equilibrium characteristics that have
been given previously for the CO2 molecule. The model
applied in this work leads to very slightly different re-
sults. We recall that the CO2 molecule can be trapped in
two different sites. In the single substitutional site termed
S1, the centre of mass of the molecule is located at the
site centre with its z-axis parallel to one of the C4 sym-
metry axes (in the perfect lattice) which coincide with
the X, Y and Z-axes of the absolute frame (see Fig. 1).
Then the resulting equilibrium orientations are θe = π/2,
ϕe = 0 and π/2 for the molecule directed along the X
and Y-axes, respectively, and θe = 0 for the molecule
directed along the Z-axis. The distortion of the argon
atoms around the molecule is about 5% of the site diam-
eter for the 8 atoms pertaining to the two perpendicular
planes containing the molecular axis, and less than 1%
for the 4 atoms in the plane perpendicular to the molecu-
lar axis. The corresponding minimum energy value V (1)e

M
is –2 075 cm−1.

In the double substitutional site termed S2, the cen-
tre of mass of the molecule is at 0.92 Å on either side
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Table 2. Quadratic, cubic and quartic potential constants (cm−1) for dimensionless normal coordinates, for 12CO2, 13CO2 and
14N2O molecules trapped in the S1 and S2 sites of argon matrices and their values in the gas phase [20,21].

12CO2
13CO2

14N2O

S1 S2 gas S1 S2 gas S2 gas

k11 680.49 677.30 676.98 680.16 677.28 676.98 649.18 650.22

k2a2a 333.74 334.71 336.58 324.17 325.05 326.98 298.59 298.25

k2b2b 333.74 334.50 336.58 324.17 324.84 326.98 298.13 298.25

k33 1196.27 1193.24 1198.14 1162.05 1159.01 1164.05 1138.37 1140.79

k111 –45.71 –45.57 –45.56 –45.69 –45.57 –45.56 –59.92 –59.72

k113 0.27 0.34 81.51 80.76

k12a2a 74.87 74.49 74.47 72.70 72.38 72.36 54.20 54.40

k12b2b 74.87 74.49 74.47 72.70 72.38 72.36 54.20 54.40

k133 –249.67 –248.96 –248.93 –242.50 –241.87 –241.84 –225.48 –226.60

k2a2a3 0.15 0.18 51.26 51.06

k2b2b3 0.15 0.18 51.26 51.06

k333 –0.27 –0.33 –65.49 –64.82

k1111 1.87 1.87 1.87 1.87 1.87 1.87 2.96 2.96

k1113 –0.03 0.04 –0.08

k112a2a –10.13 –10.13 –10.13 –9.83 –9.83 –9.83 –10.15 –10.15

k112b2b –10.13 –10.13 –10.13 –9.83 –9.83 –9.83 –10.15 –10.15

k1133 18.97 18.97 18.97 18.97 18.97 18.97 20.10 20.10

k12a2a3 0.03 0.04 0.12

k12b2b3 0.03 0.04 0.12

k1333 0.01 0.02 0.03

k2a2a2a2a 2.27 2.27 2.27 2.14 2.14 2.14 2.13 2.13

k2a2a33 –27.57 –27.57 –27.58 –26.02 –26.02 –26.02 –30.40 –30.40

k2b2b2b2b 2.27 2.27 2.27 2.14 2.14 2.14 2.13 2.13

k2b2b33 –27.57 –27.57 –27.58 –26.02 –26.02 –26.02 –30.40 –30.40

k3333 6.28 6.28 6.28 5.93 5.93 5.93 7.14 7.14

of the site centre. Its z-axis is collinear to the C2 symme-
try axis (direction of the two replaced atoms in the perfect
lattice) which corresponds to the equilibrium orientation
θe = π/2 and ϕe = −π/4. The distortion of the argon
atoms around the molecule in this site is anisotropic, 4%
of the mean site diameter, with a rather cylindrical sym-
metry. The corresponding minimum energy value V (2)e

M is
then –2 100 cm−1.

In the case of N2O, the total energy of the molecule-
matrix system is positive when the molecule is placed in a
single substitutional site. In the double substitutional site,
as for CO2, the equilibrium position corresponds to the
molecular axis being along the C2 symmetry axis of this
site, with the centre of mass of the molecule at ±0.17 Å
from the site centre, and the oxygen atom closest to the
argon atom on this axis (see Fig. 1). The distortion that
results from the fit of experimental and calculated vibra-
tional fundamental modes is twice as great as that for CO2

in the S2 site. It is anisotropic, that is, unequal in the two
perpendicular planes containing the molecular axis. Fi-
nally the minimum energy value V (2)e

M for this molecule
is –2 070 cm−1.

3.2 Vibrational frequency shifts

The harmonic and anharmonic vibrational potential con-
stants are computed from gas phase values given by Suzuki
for CO2 [20] and N2O [21] molecules. Results are given in
Table 2. To take into account the lifting of the degen-
eracy of the ν2 mode for molecules trapped in sites S2,
the constants are given for four vibrational modes labelled
ν1, ν2a, ν2b and ν3, to make a comparison with gas phase
values easier. For molecules trapped in sites S1, the ν2

mode is degenerate and constants connected to ν2b may
be ignored, since they are the same as for ν2a. The results
given in Table 2 show that only harmonic and third or-
der constants are changed in the matrix environment, the
change being more pronounced for harmonic ones, as was
found for the O3 molecule [2,3]. Moreover, in site S2, new
terms, corresponding to a change in the symmetry of the
potential in which the nuclei move, are generated by the
molecule-matrix interaction. In particular, one may note
the third order term k113 for CO2, and fourth order terms
such as k12a2a3, k12b2b3, and k1333 for both CO2 and N2O.
Up to second order, the energy levels for non-degenerate
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Table 3. Harmonic frequencies and anharmonic constants (cm−1) for 12CO2, 13CO2 and 14N2O molecules trapped in the S1
and S2 sites of argon matrices and their values in the gas phase [20,21].

12CO2
13CO2

14N2O

S1 S2 gas S1 S2 gas S2 gas

ω1 1361.0 1354.6 1354.0 1360.3 1354.6 1354.0 1298.4 1300.4

ω2a 667.5 669.4 673.2 648.3 650.1 654.0 597.2 596.5

ω2b 667.5 669.0 673.2 648.3 649.7 654.0 596.3 596.5

ω3 2392.5 2386.5 2396.3 2324.1 2318.0 2328.1 2276.7 2281.6

x11 –3.0 –2.9 –2.9 –3.0 –2.9 –2.9 –5.0 –4.9

x12 –3.6 –3.6 –3.6 –3.5 –3.5 –3.5 –5.0 –5.0

x13 –20.4 –20.3 –19.7 –19.3 –19.2 –19.2 –27.3 –27.4

x22 1.1 1.1 1.1 1.0 1.0 1.0 0.9 0.9

x23 –12.3 –12.4 –12.4 –11.6 –11.6 –11.6 –14.1 –14.1

x33 –12.5 –12.5 –12.5 –11.7 –11.7 –11.7 –15.1 –15.1

xl2l2 –0.9 –0.9 –0.9 –0.8 –0.8 –0.8 –0.9 –0.9

vibrations can be computed from the formula [1]

G(v) =
∑
i

ωi(vi +
di
2

) +
∑
i≤j

xij(vi +
di
2

)(vj +
dj
2

).

(13)

where di = dj = 1. In the case of linear triatomics
with the ν2 mode doubly degenerate, then d2 = 2 and
a third term, xl2l2 l2 is added to take into account in-
ternal rotation with respect to the internuclear axis. We
note that if the molecular Hamiltonian is written as H =
H ′0(diagonal)+H ′2(diagonal)+H ′1(off-diagonal) where H ′1
and H ′2 are third order and fourth order terms appear-
ing in H ′a (Eq. (8)), then the anharmonic constants xij
are given by the matrix elements of H ′a. The latter lead
to formulae given in Appendix B [4]. One may note that
the fourth order terms such as k12a2a3, k12b2b3, and k1333

do not appear in these formulae, because they correspond
to third order anharmonic corrections. Such formulae have
been directly applied for molecules trapped in sites S1 (de-
generate ν2 mode). For molecules trapped in sites S2, ω2

is either ω2 + δ or ω2 − δ, where ω2 = (ω2a + ω2b)/2 and
δ = (ω2a − ω2b)/2 are two parameters that have been de-
fined in reference [1] (Eq. (21)). Let us recall that ω2a and
ω2b are then considered as quasi-degenerate modes and
in that case the corresponding vibrational energy levels
are determined by applying degenerate perturbation the-
ory using a three-dimensional Wang basis (see Eq. (18)
of Ref. [1]). The values calculated for the harmonic fre-
quencies ωi and the anharmonic constants xij are given
in Table 3 and the corresponding vibrational energies for
12CO2, 13CO2 and 14N2O are given in Tables 4, 5 and 6,
respectively. Note that, following Rothman et al. [22], we
are using HITRAN notation for the labelling of the en-
ergy levels. For levels perturbed by Fermi resonance, such
as 1000 and 0200 for instance, the labelling is 1000 (1) and
1000 (2), where number (1) is assigned to the highest of the
two levels. Observed and calculated values agree to within
experimental accuracy. One may note that while the ωi
values are different for the gas and the matrix perturbed

molecule, the xij are, on the contrary, hardly changed by
the effect of the matrix.

3.3 Orientational level schemes

Following the models developed in Section 2.3, the an-
gular potential surfaces V (n)

M (Ω) experienced by the rigid
molecules at their centre of mass equilibrium positions
in the distorted (static cage) argon matrix have been ex-
panded up to the sixth power of the new u variables. The
expressions obtained show that for CO2, because of its
symmetry, all terms of odd u-powers are zero, while for
N2O these terms do not disappear but remain vanishingly
small.

In Table 7 we give the calculated harmonic librational
frequencies and the energy values connected to the first fif-
teen librational states (up to ∼200 cm−1) for CO2 trapped
in S1 and S2 sites and N2O trapped in the S2 site of the
argon matrix. The first two columns characterize the level
schemes of CO2 molecules trapped in the S1 sites and con-
nected, respectively, to the one-dimensional librational θ
motion around the Z absolute axis (θe = 0), ϕ motion
being free; and to the two-dimensional librational θ and
ϕ motions around the X absolute axis (θe = π/2, ϕe = 0)
and the Y-axis (θe = π/2, ϕe = π/2). They consist of well
separated sets of 1, 2, 3, 4 and 5 levels. The differences
which appear between these level schemes are due to the
different applied models.

In the double substitutional site, though the sets of
levels are separated for the N2O molecule, they tend to be
intermixed for the CO2 molecule. This can be explained
by the sufficiently large difference between the librational
frequencies connected to the θ and ϕ motions for CO2

than for N2O.
Finally, at the low temperature range considered (T =

5 K), only the vibration-orientation ground state (vk =
0, ji = 0,mi = 0) is populated and thus all transitions
start from this state. As a matter of fact, the population of
the first excited state (vk = 0, ji = 0,mi = 1) connected
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Table 4. Calculated and observed vibrational level scheme (cm−1) for a 12CO2 molecule trapped in an argon matrix and in
the gas phase, up to 2 350 cm−1.

matrix gas

band site observed calculated obs-calc observed calculated obs-calc

0001 S1 2344.88 2345.08 –0.20 2349.16 2349.14 +0.02

S2 2339.05

1110 (1) S1 2071.66 2076.45 2076.75 –0.30

S2 2072.00

S2 2071.16

0330 (1) S1 1986.95 2003.28 2004.08 –0.80

S2 1992.80

S2 1991.57

1110 (2) S1 1921.83 1932.47 1932.90 –0.43

S2 1922.94

S2 1922.13

1000 (1) S1 1387.86 1388.19 1388.08 +0.11

S2 1385.96

S2 1385.56

0220 (1) S1 1324.21 1335.13 1335.61 –0.48

S2 1328.09

S2 1327.27

1000 (2) S1 1281.12 1285.41 1285.65 –0.24

S2 1280.56

S2 1280.14

0110 S1 661.96 661.89 +0.07 667.38 667.58 –0.20

S2 663.82 663.82 0.00

S2 663.41 663.41 0.00

to a CO2 molecule trapped in the S2 site (see Tab. 7)
does not exceed 0.003% of the total population in this
site. The canonical partition function is then Z(n) ' 1 for
CO2 and N2O.

3.4 Infrared bar spectra

Using equation (12), the integrated absorption coeffi-
cients I

(n)
2 and I

(n)
3 , associated with the ν2 (bending)

and ν3 (stretching) vibrational modes of CO2 and N2O
monomers trapped in the n substitutional site of argon
matrix, have been calculated (in arbitrary unit and in
terms of N (n), the numbers of monomers per volume unit)
at the low temperature T = 5 K. The transition ele-
ments of the dimensionless vibrational normal coordinates
〈...0k... |qk| ...1k...〉 = 1/

√
2 were used, corresponding to

the harmonic oscillator approximation. The more intense
calculated peaks are connected to the pure vibration tran-
sitions |...0k...〉|00〉(n) → |...1k...〉|00〉(n); all other possible
vibration-orientation transitions are very weak, their in-
tensities being less than 2% of the more intense line in the
νk frequency region.

For the N2O species trapped in an argon matrix, it has
been mentioned above that all molecules are trapped in
the double substitutional site (N = N (2)). Then in the

ν3 frequency region, only one peak of intensity 147.5N (2)

was obtained at 2 218.9 cm−1. In the ν2 (doubly degen-
erate mode) region, two peaks of same intensity 1.4N (2)

at frequencies 588.6 and 589.5 cm−1 were calculated; they
are due to the splitting of the degeneracy of this mode ow-
ing to the anisotropy of the trapping site. The intensity
ratio I(2)

3 /I
(2)
2 is equal to 52.5.

For the CO2 species, in the ν3 frequency region,
two intense peaks of intensities 249.2N (1) and 248.5N (2)

were obtained at 2 345.1 and 2 339 cm−1, associated with
molecules trapped in the single S1 and double S2 substi-
tutional sites, respectively.

In the ν2 region, three intense peaks were obtained;
one of intensity 14.9N (1) at frequency 661.9 cm−1, arising
from molecules trapped in the S1 sites, and two of same
intensity 11.2N (2) at frequencies 663.4 and 663.8 cm−1,
arising from molecules trapped in the S2 sites, at which
there occurs a splitting of the mode degeneracy caused by
the site anisotropy, as for the N2O case. The correspond-
ing intensity ratios I(1)

3 /I
(1)
2 and I

(2)
3 /I

(2)
2 are equal to

16.7 and 11.1, respectively. We note, however, that these
ratios are independent of the numbers N (1) and N (2) of
monomers in the matrix sites.

Finally, one must note that selection rules show that
molecules trapped in the S1 sites and librating around
the Z-axis of the absolute frame do not participate in
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Table 5. Calculated and observed vibrational level scheme (cm−1) for a 13CO2 molecule trapped in an argon matrix and in
the gas phase, up to 2 285 cm−1.

matrix gas

band site observed calculated obs-calc observed calculated obs-calc

0001 S1 2279.51 2279.48 +0.03 2283.48 2283.50 –0.02

S2 2273.66 2273.43 +0.23

1110 (1) S1 2034.82 2037.50 2037.32 +0.18

S2 2033.98

S2 2033.22

0330 (1) S1 1930.34 1946.40 1946.26 +0.14

S2 1935.69

S2 1934.40

1110 (2) S1 1882.10 1882.92 –0.82 1896.93 1896.68 +0.25

S2 1884.41 1885.15 –0.74

S2 1884.01 1884.19 –0.18

1000 (1) S1 1373.02 1370.05 1370.21 –0.16

S2 1369.81

S2 1369.54

0220 (1) S1 1286.10 1286.50 –0.40 1297.70 1297.76 –0.06

S2 1288.41 1290.05 –1.64

S2 1288.01 1289.19 –1.18

1000 (2) S1 1257.10 1258.03 –0.93 1265.81 1265.83 –0.02

S2 1258.41 1259.09 –0.68

S2 1258.01 1258.49 –0.48

0110 S1 643.10 643.05 +0.05 648.91 648.67 +0.24

S2 644.91 644.82 +0.09

S2 644.51 644.39 +0.12

Table 6. Calculated and observed vibrational level scheme (cm−1) for a 14N2O molecule trapped in an argon matrix and in
the gas phase, up to 2224 cm−1.

matrix gas

band site observed calculated obs-calc observed calculated obs-calc

0001 S2 2218.60 2218.80 –0.20 2223.76 2223.64 +0.12

1110 (1) S2 1879.30 1879.42 –0.12 1880.27 1880.66 –0.39

S2 1878.10 1878.44 –0.34

0330 (1) S2 1771.12 1766.92 1766.46 +0.46

S2 1769.00

1110 (2) S2 1750.03 1749.06 1749.16 –0.10

S2 1748.19

1000 (1) S2 1283.05 1284.91 1285.14 –0.23

S2 1282.80 1282.89 –0.09

0220 (1) S2 1179.90 1177.75 1177.64 +0.11

S2 1178.49

1000 (2) S2 1168.53 1168.13 1168.26 –0.13

S2 1167.60 1167.34 +0.26

0110 S2 589.40 589.53 –0.13 588.77 588.82 –0.05

S2 588.50 588.82 –0.32
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Table 7. Level schemes connected to the angular motions of the rigid linear CO2 and N2O molecules trapped in argon matrices.
ω are the harmonic librational frequencies and E are the energies obtained by introducing the anharmonic remaining terms of
the Hamiltonians.

CO2 N2O

trapping site S1 S1 S2 S2

equilibrium Orientation θe = 0 θe = π/2 θe = π/2 θe = π/2

ϕ free ϕe = 0, π/2 ϕe = −π/4 ϕe = −π/4
ωθ (cm−1) 52.9 49.9 57.4 51.3

ωϕ (cm−1) – 52.6 39.0 43.7

energy level (cm−1) E (j,M) E (j,m) E (j,m) E (j,m)

0 (0, 0) 0 (0, 0) 0 (0, 0) 0 (0, 0)

49.3 (1, +1) 49.9 (1, 0) 36.5 (0, 1) 41.2 (0, 1)

49.3 (1, –1) 54.5 (0, 1) 53.3 (1, 0) 48.3 (1, 0)

95.7 (1, 0) 98.3 (2, 0) 72.4 (0, 2) 80.9 (0, 2)

96.1 (2, +2) 107.2 (1, 1) 86.2 (1, 1) 87.5 (1, 1)

96.1 (2, –2) 109.2 (0, 2) 104.2 (2, 0) 94.5 (2, 0)

139.9 (2, +1) 145.3 (3, 0) 107.5 (0, 3) 119.1 (0, 3)

139.9 (2, –1) 158.7 (2, 1) 118.4 (1, 2) 125.2 (1, 2)

140.5 (3, +3) 164.5 (0, 3) 133.5 (2, 1) 131.8 (2, 1)

140.5 (3, –3) 165.1 (1, 2) 152.8 (3, 0) 138.7 (3, 0)

180.8 (2, 0) 190.8 (4, 0) 141.9 (0, 4) 155.7 (0, 4)

181.2 (3, +2) 208.6 (3, 1) 150.0 (1, 3) 161.5 (1, 3)

181.2 (3, –2) 219.4 (2, 2) 162.2 (2, 2) 167.5 (2, 2)

182.5 (4, +4) 220.0 (0, 4) 178.6 (3, 1) 174.0 (3, 1)

182.5 (4, –4) 223.2 (1, 3) 199.1 (4, 0) 180.8 (4, 0)

the intensity peak connected to the |...02...〉|00〉(1) →
|...12...〉|00〉(1) pure vibration transition. This effect arises
because the transition elements with ∆j = 0,∆M = 0
(see Eqs. (9)) of the angular functions associated with the
first derivative components of the molecular dipole mo-
ment with respect to the q2 normal coordinate, are zero
in this case. However, those with ∆j = 0,∆m = 0 (see
Eqs. (10)) connected to molecules librating around X or
Y axes are ∼ 1. Thus, statistically only 2/3 of the number
of molecules per unit volume trapped in S1 sites contribute
to the 14.9N (1) intensity peak of CO2.

4 Comparison with experiments
and discussion

To test the validity of the models developed in the present
work, we compare the vibrational frequency shifts and in-
tegrated absorption coefficients calculated in the last sec-
tion with the observed values of these quantities.

Observed frequencies have been recorded either by con-
ventional spectroscopic methods or indirectly using laser
induced fluorescence (LIF) [9,23–25]. Our calculated val-
ues compare well with the observed ones. We note that, in
the case of transitions determined from LIF experiments
and relating to excited levels, calculations give 625, 596
and 615 cm−1 for transitions actually observed at 626, 595
and 615 cm−1 in site S1 and 627, 595 and 614 cm−1 for
transitions actually observed at 627, 596 and 614 cm−1

in site S2 [23]. In a previous theoretical work on the
spectroscopy of N2O trapped in an N2 matrix, using the
method of contact transformation, Smith et al. [26] con-
cluded that changes in the vibrational spectrum between
the gas phase and the matrix phase could be explained
by adjusting only the quadratic force constants, since the
changes are insignificant when the cubic and quartic con-
stants are adjusted. The present work shows that such a
conclusion is also valid for CO2 and N2O trapped in ar-
gon, if one calculates vibrational energies up to the second
order anharmonic constants xij (see Tab. 1). However, the
changes in the third and fourth order potential constants
(see Tab. 2) for molecules trapped in sites S2 should be
taken into account if third order anharmonic constants
(higher than xij) are considered in vibrational energy cal-
culations. For low-lying levels up to 2 800 cm−1 they can
be neglected.

As far as the matrix effects are concerned (Eq. (6)),
they have been determined up to the second order via
βi and βij , the first and second derivatives of V (n)

M ({q})
with respect to the dimensionless normal coordinates q. As
already pointed out in Section 2.2, two different electric
fields, a static one and a dynamic one, contribute to the
latter parameters. In the case of N2O, the present work
shows that, using the fixed gas phase values for the molec-
ular dipole and quadrupole moments, the effects of matrix
distortion and polarization around the trapped molecule
account for the shifts of the three fundamental vibrational
modes ν1, ν2 and ν3. For CO2, the same is true for the
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Table 8. Characteristics of the experimental spectra of CO2 and N2O molecules trapped in argon matrices from references [1,
24,25]. ωk (cm−1) are the frequency positions of the line intensity maxima Imax

k (arbitrary units), γk (cm−1) their full widths
at half maxima (FWHM), while I3/I2 is the integrated intensity ratio.

CO2 N2O

trapping site S1 S2 S2

ν2 mode

ω2 661.9 663.4 663.8 588.5 589.4

γ2 0.09 0.035 0.035 0.075 0.09

Imax
2 0.23 0.14 0.12 0.62 0.74

ν3 mode

ω3 2345.1 2339.0 2218.6

γ3 0.36 0.12 0.14

Imax
3 0.81 0.75 4.95

I3/I2 12.7 5.7 48.3

modes ν1 and ν3. We note that for mode ν1, we are refer-
ring to the levels 1000 (1) and 1000 (2) since mode ν1 is
not observed, being IR inactive. In reference [1] the shifts
calculated for the ν2 mode are less than the observed shifts
by a factor slightly greater than 2 for both trapping sites.
In the model, the experimental shift is achieved by increas-
ing the effect of the dynamic electric field, that is by in-
creasing bν2

M , the first derivative of the dipole moment (see
Appendix A) with respect to the normal coordinate q2, by
a factor of 1.7 in the S1 site and of 2 in the S2 site. As a
matter of fact, high resolution experimental infrared spec-
tra in the ν2 and ν3 vibrational frequency regions of CO2

and N2O species trapped in argon matrices at low tem-
perature have been reported [1,24,25]. The characteristic
quantities for the lines attributed to monomers are sum-
marized in Table 8. For the N2O species, the authors [24,
25] measured an integrated intensity ratio I3/I2 = 48.3,
consistent with the gas phase value, while for the CO2

species the measured ratios were 12.7 in the S1 trapping
sites and 5.7 in the S2 sites. We note that in the case of
CO2, if the experimental determination is correct, then the
increase in bν2

M , the first derivative of the dipole moment
of CO2 with respect to the normal coordinate q2, seems
to be corroborated both by experiment and calculation.

This surprising ratio difference for the CO2 species was
explained by the authors [24,25] in terms of the distri-
bution of monomers in the two matrix sites: (i) in the
ν2 frequency region, about 52% of the intensity is due
to monomers trapped in S1 sites and ∼ 48% is due to
monomers trapped in S2 sites, and (ii) in the ν3 region,
the corresponding values are ∼ 72% and ∼ 28%, respec-
tively.

Comparison between measured and calculated inten-
sity ratios I(n)

3 /I
(n)
2 shows a good agreement for the N2O

species but a poorer one for CO2. Indeed, such a compar-
ison does not allow determination of the distribution of
CO2 monomers in the two sites. Accordingly, we propose
a comparison in terms of the ratios Imax(1)

k /I
max(2)
k of the

band intensity maxima in the ν2 region, on the one hand,
and in the ν3 region, on the other hand.

To carry out such a comparison, we consider a
Lorentzian model for the lines and use the experimental
linewidths to determine their intensity maxima Imax(n)

k =
2I(n)
k /γ

(n)
k for each site n. The ratios Imax(1)

k /I
max(2)
k are

then calculated and adjusted to the corresponding exper-
imental ones. The obtained distributions are as follows:

(i) N (1) = 77%N , N (2) = 23%N in the ν2 region;
(ii) N (1) = 76%N , N (2) = 24%N in the ν3 region.

Considering the uncertainties of the latter model, one
can see that these distributions are identical and clearly
agree with the experimental distribution (∼ 72% and
∼ 28% mentioned above) given for the ν3 region [24]. Note
however that the difference between calculated and exper-
imental distributions in the ν2 region is only an apparent
one. In effect, as has been mentioned above, only 2/3 of
the N (1) molecules in the S1 sites contribute to the line in-
tensity in this region. Thus the intensities due to molecules
trapped in S1 and S2 sites are ∼ 51% and ∼ 49%, respec-
tively, which agree with the experimental values (∼ 52%
and ∼ 48%) mentioned above [24].

Finally, we note that the agreement between the cal-
culated bar-spectra and the experimental spectra clearly
shows the pertinence of the calculations and the renormal-
ization procedure developed in this theoretical approach.
However, such a model is too crude to account fully for
the experimental conditions; our calculations were made
for ideal molecule-matrix systems. The calculated shape
of the bar-spectrum is generally very sensitive to the de-
gree of knowledge of the molecular motions; this itself
strongly depends on the accuracy of both the potential
energy model used to describe the interaction between the
molecule and the surrounding matrix and of the conver-
gence of the expansion of this potential in terms of the
relevant coordinates.

Moreover, in the orientational level schemes given in
Table 7, additional level shifts can occur depending on the
vk vibrational state of the molecules. As a matter of fact,
the potential energy surfaces V (n)

M (Ω) and the rotational
constants B of the molecules depend parametrically on
the vibrational state and therefore equations (9, 10) must
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be solved for both the fundamental vk = 0 and first ex-
cited vk = 1 states. As a consequence, the line frequency
positions in the bar-spectra should be slightly shifted.

Finally, as far as orientational levels are concerned, the
fact that they are differently arranged for N2O and CO2

in the S2 site, being more dense for the latter, may explain
the results of laser induced fluorescence (LIF) experiments
on both molecules. At a dilution of 1/2000, 10 µm fluo-
rescence (0001→ 1000 (1)) is observed when the ν3 mode
is pumped for N2O, whereas with CO2 only 16 µm fluo-
rescence (1110 (2) → 0220 (1), 1110 (2) → 1000 (2) and
1000 (2) → 0110 (1)) is observed [24,25]. The close spac-
ing of orientational levels for CO2 decreases the lifetime of
the pumped ν3 level and relaxation is mainly non-radiative
for dilute samples. In the case of N2O, the lifetime of the
pumped level is such that radiative relaxation through
10 µm is possible.

5 Conclusion

In conclusion we note that the theoretical model developed
in this work allows computation of low-lying vibrational
energy levels from a fit of the experimental and calculated
frequencies of fundamental modes. For such levels, shifts
are mainly due to changes in the harmonic potential con-
stants only, although matrix third and fourth order poten-
tial constants show a change in the symmetry of the po-
tential in which the nuclei vibrate. In the case of CO2, the
matrix dipole moment associated with the ν2 mode seems
to be greater than that of its gas phase value. As far as
trapping sites are concerned, the model shows unambigu-
ously that N2O is trapped in a double site, resulting in
a lifting of the degeneracy of the ν2 vibrational mode, as
suggested by Sodeau et al. [6]. Moreover, the bar-spectra
calculated using our model of the orientational motions
of the trapped molecules are in good agreement with the
experimental spectra. In particular, for the ν2 mode of
CO2, the resulting experimental distribution of monomers
trapped in the S1 (52%) and S2 (48%) sites is interpreted
using the fact that only 2/3 of the CO2 monomers in the
S1 site contribute to the line intensity.

As far as the orientational level schemes are concerned
for CO2 and N2O in the S2 site, our results are consistent
with LIF experimental observations.
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Appendix A: Rotational matrix transformation
and molecular dipole moment

The unitary matrix M characterizing the transformation
from the crystal absolute frame (X, Y, Z) to the frame
(x, y, z) associated with the linear molecule through the

Table 9. First derivative values bνkM (Debye) of the molecu-
lar dipole moment with respect to the dimensionless normal
coordinates qk for CO2 and N2O in the gas phase.

CO2 N2O

bν1M 0.0 0.1921

bν2aM –0.1839 –0.0685

b
ν2b
M –0.1839 –0.0685

bν3M 0.4610 –0.3647

Euler angles (ϕ, θ) is given as [27]

M(ϕ, θ) =

 cosϕ cos θ sinϕ cos θ − sin θ

− sinϕ cosϕ 0

cosϕ sin θ sinϕ sin θ cos θ

 . (A.1)

In order to calculate the infrared absorption coefficient,
the molecular dipole moment µM, in the frame (x, y, z),
is expanded, up to the first order, in terms of the dimen-
sionless vibrational normal coordinates q as

µM = µe
M +

∑
k

bνkM qk, (A.2)

where µe
M is the permanent dipole moment and bνkM the

first derivative of µM with respect to the kth normal co-
ordinate qk. Thus, in the absolute frame, the molecular
dipole moment µA and its first derivative ∂µA/∂qk can
be written as

µA = M−1(ϕ, θ)µM ,
∂µA
∂qk

= M−1(ϕ, θ)bνkM , (A.3)

in which M−1 is the inverse matrix of M defined above.
Thus the first derivatives of the molecular dipole moment
with respect to each normal coordinate are given by

∂µA
∂q1

= bν1
M (cosϕ sin θX + sinϕ sin θY + cos θZ) ,

∂µA
∂q2a

= bν2a
M (cosϕ cos θX + sinϕ cos θY − sin θZ) ,

∂µA
∂q2b

= bν2b
M (− sinϕX + cosϕY) ,

∂µA
∂q3

= bν3
M (cosϕ sin θX + sinϕ sin θY + cos θZ) . (A.4)

The bνkM values are given in Table 9 for CO2 and N2O
molecules and the orientational functions must be devel-
oped in terms of the variables defined in equations (9, 10)
in order to calculate the orientational transition elements.
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Appendix B: Anharmonic vibrational constants
and Fermi-Dennisson resonance for linear
triatomic molecules

B.1 Anharmonic vibrational constants

The expressions of the anharmonic vibrational constants
for linear triatomic molecules are

xss =
1
4

{
6kssss −

15k2
sss

ωs
− k2

sss′

ωs′

(
8ω2

s − 3ω2
s′

4ω2
s − ω2

s′

)}
,

(s = 1, 3; s′ = 3, 1);

x22 =
1
4

{
6k2222 −

k2
122

ω1

(
8ω2

2 − 3ω2
1

4ω2
2 − ω2

1

)
− k2

223

ω3

(
8ω2

2 − 3ω2
3

4ω2
2 − ω2

3

)}
;

x2s =
1
2

{
k22ss −

4k2
22sω2

(4ω2
2 − ω2

s)
− k22s′ks′ss

ωs′

+ 2
ωs
ω2

(
ζ

(z)
2s

)2

Be

}
, (s = 1, 3; s′ = 3, 1);

xs2 =
1
2

{
kss22 −

6ksssks22

ωs
− ksss′ks′22

ωs′

+ 2
ω2

ωs

(
ζ

(z)
s2

)2

Be

}
, (s = 1, 3; s′ = 3, 1);

xss′ =
1
2

{
ksss′s′ −

6kssskss′s′
ωs

− 4k2
sss′ωs

(4ω2
s − ω2

s′)

}
,

(s = 1, 3; s′ = 3, 1)

xl2l2 = −1
2
k2222 −

k2
221ω1

4 (4ω2
2 − ω2

1)
− k2

223ω3

4 (4ω2
2 − ω2

3)
·

For the N2O molecule

x11 =
1
4

{
6k1111 −

15k2
111

ω1
− k2

113

ω3

(
8ω2

1 − 3ω2
3

4ω2
1 − ω2

3

)}
;

x33 =
1
4

{
6k3333 −

15k2
333

ω3
− k2

133

ω1

(
8ω2

3 − 3ω2
1

4ω2
3 − ω2

1

)}
;

x22 =
1
4

{
6k2222 − k2

122

(
2
ω1

+
1

2 (2ω2 + ω1)

)
− k2

223

ω3

(
8ω2

2 − 3ω2
3

4ω2
2 − ω2

3

)}
;

x12 = k1122 −
k2

122

2 (2ω2 + ω1)
− 3k111k122

ω1
− k223k113

ω3

+
(
ω2

1 + ω2
2

ω1ω2

)
(ζ21)2

Be;

x23 = k2233 −
2k2

223ω2

(4ω2
2 − ω2

3)
− 3k333k223

ω3
− k122k133

ω1

+
(
ω2

2 + ω2
3

ω2ω3

)
(ζ23)2

Be;

x13 = k1133 −
2k2

133ω3

(4ω2
3 − ω2

1)
− 2k2

113ω1

(4ω2
1 − ω2

3)
− 3k111k133

ω1

− 3k333k113

ω3
;

xl2l2 = −1
2
k2222 +

k2
122

8 (2ω2 + ω1)
− k2

223ω3

4 (4ω2
2 − ω2

3)
,

and for the CO2 molecule

x11 =
1
4

{
6k1111 −

15k2
111

ω1

}
;

x33 =
1
4

{
6k3333 −

k2
133

ω1

(
8ω2

3 − 3ω2
1

4ω2
3 − ω2

1

)}
;

x22 =
1
4

{
6k2222 − k2

122

(
2
ω1

+
1

2 (2ω2 + ω1)

)}
;

x12 = k1122 −
k2

122

2 (2ω2 + ω1)
− 3k111k122

ω1
;

x23 = k2233 −
k122k133

ω1
+
(
ω2

2 + ω2
3

ω2ω3

)
(ζ23)2Be;

x13 = k1133 −
2k2

133ω3

(4ω2
3 − ω2

1)
− 3k111k133

ω1
;

xl2l2 = −1
2
k2222 +

k2
122

8 (2ω2 + ω1)
·

B.2 Fermi-Dennisson resonance

The corrective Fermi-Dennisson Hamiltonian element cor-
responding to the |v1, v2, v3〉 ←→ |v1 − 1, v2 + 2, v3〉 tran-
sition for (2ω2

∼= ω1), is given by

〈v1, v2, v3|hFD
vv′ |v1 − 1, v2 + 2, v3〉 =

k122

2

[v1

2
((v2 + 2)2 − l22)

] 1
2 ·
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